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Abstract—In multi-infeed hybrid AC-DC (MIDC) systems, the
asynchronous interconnection between regional grids, the com-
plicated system dynamics and possible cascading failures have
an enormous effect on the frequency stability. In order to deal
with the frequency instability problems in emergency situations,
this paper proposes a decentralized emergency frequency control
strategy based on coordinated droop for the MIDC system. First,
a P-f droop control for LCC-HVDC systems is introduced and
the coordinated droop mechanism among LCC-HVDC systems
and generators is designed. Then, to reasonably allocate the
power imbalance among LCC-HVDC systems and generators,
an optimal emergency frequency control (OEFC) problem is
formulated, and the optimal droop coefficients are selected in
a decentralized approach, which can deal with various control
objectives. A Lyapunov stability analysis shows that the closed-
loop equilibrium is locally asymptotically stable considering
the LCC-HVDC dynamics. The effectiveness of the proposed
emergency control strategy is verified through simulations.
Index Terms—Multi-infeed hybrid AC-DC system, optimal
emergency frequency control, coordinated droop mechanism,
LCC-HVDC system.
I. INTRODUCTION
A. Motivation and Approach
With the continuous development of HVDC transmission
technologies, conventional AC power grids have been trans-
formed into large-scale complex hybrid AC-DC grids [1], [2].
In China, the implementation of enormous line-commutated-
converter-based HVDC (LCC-HVDC) systems leads to asyn-
chronous interconnection between regional power grids [3],
and forms the multi-infeed hybrid AC-DC (MIDC) systems.
In an MIDC system, multiple HVDC systems are connected
with one AC system. Thus, the complicated dynamics and
various faults of the MIDC system pose a serious threat to
system stable operation.
Frequency stability is of great importance for system opera-
tion. However, in MIDC systems, the conventional frequency
control strategies might be difficult to ensure the frequency
stability, and the reasons are: 1) the DC block faults or AC-DC
cascading faults are prone to occur in MIDC systems, which
could cause considerable active power imbalance. 2) Due to
the feeding of multiple HVDC systems and asynchronous con-
nections among AC systems, the system inertia and frequency
regulation reserve might be not enough to meet the frequency
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stability requirements [4], [5]. Therefore, the MIDC systems
require emergency frequency control strategy in order to deal
with the considerable power imbalance.
The traditional approaches of emergency frequency control
are generator tripping or load shedding operations [6], [7],
[8], but these operations will cause severe economic losses. In
MIDC systems, by utilizing the fast adjustability of the HVDC
system transmission power [9], the more effective emergency
frequency control strategy could be designed to improve the
system frequency stability. In this paper, to design a decen-
tralized approach for emergency frequency control with LCC-
HVDC systems participating in, a coordinated-droop-based
emergency frequency control strategy is proposed. Besides, the
droop coefficients are optimized for more reasonable allocation
of power imbalance.
B. Literature Review
Considering the emergency frequency control for hybrid
AC-DC systems, the emergency DC power support (EDCPS)
strategy is one of the effective approaches, and there are
many related studies in recent years. In [10], an adaptive
dynamic surface control based EDCPS strategy is proposed.
In [11], an emergency frequency control strategy considering
LCC-HVDC and centre of inertia (COI) is proposed, and
the adaptive backstepping sliding-mode control is utilized to
guarantee its robustness. However, the above two methods
are designed for synchronous AC-DC parallel interconnected
systems, thus not applicable to the asynchronous MIDC sys-
tems. Towards the asynchronous MIDC system, a response-
based AC-DC coordinated control strategy is proposed in [12],
which combines the EDCPS strategy and loading shedding
operations. Nevertheless, the strategy in [12] is centralized
with control centers, thus this strategy could not ensure
a rapid response in the case of communication delay or
communication failure. Obviously, the decentralized control
strategies are more advantageous in emergency situations. In
[13], a decentralized control strategy is proposed to improve
the AC frequency stability. In [14], the frequency limit control
(FLC) is proposed for hybrid AC-DC systems, which is
also decentralized. However, both the strategies in [13] and
[14] are based on the PID-type control, thus the selection
and optimization for the PID parameters might be difficult
in engineering practice. Moreover, all the above emergency
frequency control strategies for MIDC systems do not consider
the coordination with the generators’ frequency regulation.
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Considering the LCC-HVDC droop control proposed in this
paper, droop control is a typical decentralized control strategy
which is based on the relevance between two variables. To
the best of our knowledge, there is no relevant research about
applying droop control to LCC-HVDC systems, but droop con-
trol has been widely applied to deal with the power allocation
problem in VSC-MTDC systems or microgrid systems, and
there are many relevant studies on the design or optimiza-
tion of droop control for this paper’s reference. In [15], an
optimal-power-flow based supervisory controller is designed
to select the optimal droop reference voltages for VSC-MTDC
systems. In [16], a model predictive control (MPC) based
grid controller is proposed to coordinately adjust the droop
gains in MTDC grids. The above two methods are centralized
optimization approaches which gather the system parameters,
optimize the droop coefficients and then update them to local
controllers. Due to the time delay and strong communication
dependence, this kind of methods cannot be applied to the
control parameters optimization in emergency situations. In
the field of decentralized design of droop control, the adaptive
droop control (ADC) is widely utilized to design various droop
characteristics under different control scenarios, e.g. , [17]
for V-I-f droop characteristic, [18] for interlinking converter
design, and [19] for three-wire bipolar HVDC transmission.
Nevertheless, the power allocation problems of HVDC systems
are barely considered in ADC strategies to optimize the droop
coefficients. Besides, existing works for optimal droop control
have single control objective, but relatively general optimal
design methods are required due to various control objectives
in various operation scenarios in engineering practice.
C. Contribution
According to the literature review, to deal with the emer-
gency frequency instability problems in MIDC system, the
major challenge is how to design a effective decentralized
emergency frequency control strategy with the LCC-HVDC
participating in, and then how to reasonably allocate the power
imbalance by selecting control parameters. In this paper, a
simple but effective approach, i.e., the coordinated droop
control is utilized to design the emergency frequency control.
Besides, the power allocation problems with various allocation
objectives are formulated as optimization problems, and the
corresponding optimal control coefficients are selected. Benefit
from decentralized design logic, the proposed control strategy
can be easily applied to practical projects.
The contributions of this paper are as follows:
• A coordinated-droop-based emergency frequency control
strategy is proposed for the MIDC system. A P-f droop
characteristic for LCC-HVDC system is introduced, and
the coordinated droop mechanism among LCC-HVDC
systems and generators is designed.
• To reasonably allocate the power imbalance among LCC-
HVDC systems and generators, the optimal emergency
frequency control (OEFC) problem with various control
objectives is formulated. Then, the optimal droop coeffi-
cients for OEFC are given, and the optimality is proved.
• Considering the LCC-HVDC dynamics, the equilibrium
of the closed-loop system is analyzed and the asymptotic
stability is proved through Lyapunov approach.
D. Organization
The rest of this paper is organized as follows. Section II
proposes the coordinated-droop-based emergency frequency
control strategy in MIDC system. Section III introduces the
state model of the MIDC system. Section IV introduces the
optimal droop design for power allocation. Section V discusses
the stability of the closed-system equilibrium. In Section VI,
a MIDC system case is tested and the effectiveness of the
proposed control strategy is verified. Section VII provides the
conclusion.
II. COORDINATED-DROOP-BASED EMERGENCY
FREQUENCY CONTROL STRATEGY
In this section, the P-f droop control for LCC-HVDC
systems is proposed. Then, the coordinated droop mechanism
in MIDC system is introduced, which enables the emergency
frequency control strategy.
Generally, one MIDC system can be represented as the
topology shown in Fig. 1, where the AC main system contains
nG synchronous generators and is connected with nD LCC-
HVDC systems. There are m LCC-HVDCs transmitting power
from sending-end (SE) systems to the AC main system and
(nD−m) LCC-HVDCs from the AC main system to receiving-
end (RE) systems, which are called SE-LCC and RE-LCC
systems respectively in this paper. The SE and RE systems can
be collectively called the adjacent AC systems. Based on the
described MIDC system, we design the emergency frequency
control strategy.
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Fig. 1. Topology of the MIDC system
A. P-f Droop Control Design for LCC-HVDC system
The LCC-HVDC system is widely applied in the power
grids due to its considerable transmission capacity and long
transmission distance. The operation state of LCC-HVDC
system can be determined by the static operation characteristic
[20], [21], as shown in Fig. 2.
The normal operation curves of the LCC-HVDC are shown
as I and II in Fig. 2, where the vertical parts of the curves rep-
resent constant current control and the upper parts are constant
α control and constant γ control respectively. The intersection
point A indicates that the rectifier of the LCC-HVDC adopts
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Fig. 2. The static operation characteristic of LCC-HVDC
constant current control while the inverter adopts constant γ
control during the normal operation. Besides, the constant
power control can be added to the rectifier to regulate the
transmission power directly, which is shown as curve III in
Fig. 2. Curve III also passes the point A. We have:
Iord =
Pord
Ud
(1)
where Iord and Pord are the current order and power order for
the rectifier control, Ud is the DC voltage.
In this section, we design the droop characteristic between
the frequency of the AC system and the active power of
the LCC-HVDC, i.e., the P-f droop. Suppose that the Pord
increases to P
′
ord due to frequency fluctuation, the Iord will
also increase to I
′
ord and the firing angle α will decrease to
α
′
as shown in Fig. 2. The above changes make the operation
point A change to A
′
, curve I change to IV, and curve III
change to V. In addition, the DC voltage will drop slightly
due to the constant γ control of the inverter. Note that the
firing angle α has limits to ensure the normal operation, thus
the Pord also has limits, i.e., Pord ∈ ΩP , which should be
considered in the design of LCC-HVDC droop.
Generally, in the MIDC system as shown in Fig. 1, one
LCC-HVDC system can participate in the frequency control
in both the SE and RE system. Therefore, the P-f droop control
equations are shown as follows:
Pord = PdN − kredroop(ωre − ωreN ), for RE (2a)
Pord = PdN + k
se
droop(ωse − ωseN ), for SE (2b)
(Pord ∈ ΩP )
where kredroop and k
se
droop are the selected droop coefficients for
RE and SE respectively, ωre and ωse are the AC frequencies,
and the subscript N represents the nominal values. Note
that in the presence of the private communication network
specifically built for control and protection in hybrid AC-DC
power grid, the frequency signal of the RE system can be
rapidly transmitted to the bipolar power control station located
in the SE side, which enables the P-f droop control for the
RE system. Considering the droop control for both SE and
RE systems, the control framework for LCC-HVDC system is
shown in Fig. 3.
In Fig. 3, if there is frequency drop in the RE system due
to some faults, the DC power will increase according to the
RE droop. Then, this DC power regulation will also result
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Fig. 3. The control framework for LCC-HVDC
in the frequency loss at SE system, which will enable the
SE droop and affect the frequency control in the RE system.
Thus, the SE droop and RE droop cannot work at the same
time. To solve the aforementioned problem, a signal selection
and locking module is adopted as shown in Fig. 3, which will
output the earlier-responding power regulation signal (prord or
psord) and lock the other signal. Then, the selected Pord signal
is transferred to the HVDC control, and the phase control
signal will be output to the electrical system.
Remark 1. During normal operation, the LCC-HVDC sys-
tems are supposed to transmit specific powers as planned.
Thus, the LCC-HVDC droop control should not work when
the system operates at normal state. Besides, the coordinated
droop mechanism in Section II.B avoids the mal-operating of
LCC-HVDC systems. In this control framework, the private
communication network plays an important role which passes
the frequency signal of the RE system to the SE side.
B. Coordinated Droop Mechanism for Emergency Frequency
Control
In power grids, the synchronous generators are usually
implemented with droop control, which is realized mainly
by the governors and participates in the primary frequency
control. However, the designed LCC-HVDC droop control do
not participate in the conventional primary frequency control
since the DC power should be kept constant without emergen-
cies. Thus, the LCC-HVDC droop control and the generators’
primary droop are relatively independent of each other, and a
coordinated droop mechanism is proposed to make the LCC-
HVDC droop as support for primary frequency modulation in
emergency situations, which further formulates the emergency
frequency control strategy.
The proposed coordinated droop mechanism and the emer-
gency frequency control strategy for the MIDC system are
shown in Fig. 4, and this mechanism mainly contains the
following two points:
1) Dead Zone Setting. Since the generators’ primary droop
always works even with tiny frequency fluctuations while the
LCC-HVDC droop works only in case of emergency frequency
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Fig. 4. Coordinated-droop-based emergency frequency control strategy
problems, a dead zone setting for LCC-HVDC droop control
is necessary. There are two common methods to set the dead
zone, i.e., the frequency deviation limitation and the frequency
change rate limitation, and in this paper we adopt the former.
When the system frequency changes due to some faults, the
frequency limitation of dead zone is utilized to determine
whether there is an emergency and whether to enable the LCC-
HVDC droop.
2) Optimization for Droop Coefficients. The coordinated
optimization for the droop coefficients will be introduced in
detail in Section IV, where the optimal emergency frequency
control (OEFC) problem is formulated to reasonably allocate
power imbalance among LCC-HVDC systems and generators
during the control process. The optimal droop coefficients
stay constant during the operation and are updated only if
the control objective of the OEFC problem changes.
Remark 2. The designed LCC-HVDC droop control is decen-
tralized because the local frequency signal is fed back to the
controller, and the optimization of droop coefficients is also
carried out in a decentralized approach. Thus, the coordinated-
droop-based emergency frequency control strategy is decen-
tralized.
III. STATE MODEL OF MIDC SYSTEM
In this section, the state model of the MIDC system shown
in Fig. 1 is introduced for optimal control design and stability
analysis. We ignore the dynamics of the adjacent AC systems
(defined in Section II) in order to focus on the AC main system
and its connected LCC-HVDC systems. We also ignore the
dead zone setting of LCC-HVDC droop in state modeling due
to its nonlinearity, and the reasonability will be verified in the
case study.
Generally, a power system can be described by a graph G =
(N , E), where the nodes represent the buses denoted by N
and the edges represent the transmission lines denoted by E ⊆
N×N . In this paper, the system contains three types of buses,
i.e., the generator buses, the LCC-HVDC connected buses and
the passive load buses, which are denoted by NG, ND and NP
respectively. Thus we have N = NG ∪ND ∪NP . Denote the
numbers of buses in above sets by n, nG, nD and nP , then
we have n = nG + nD + nP . We ignore the load shedding
operations since the LCC-HVDCs and generators can provide
enough power support. We have the following assumptions:
• One LCC-HVDC connected bus cannot be a generator
bus, i.e., NG ∩ND = ∅.
• One bus in ND is only connected with one LCC-HVDC
line.
With the above assumptions, considering the coordinated-
droop-based emergency frequency control strategy among
LCC-HVDCs and generators, the MIDC system in Fig. 1 can
be described by the differential algebraic equations (DAEs)
shown in (3), where we consider the second-order dynamic
models of generators and the first-order inertia models of LCC-
HVDC systems.
θ˙i = ωi, i ∈ NG ∪ND (3a)
Miω˙i +Diωi = Pi −
∑
j∈N
Bij sin(θi − θj)− kGi ωi, i ∈ NG
(3b)
0 = Pi + p
dc
i −
∑
j∈N
Bij sin(θi − θj), i ∈ ND (3c)
0 = Pi −
∑
j∈N
Bij sin(θi − θj), i ∈ NP (3d)
TDi p˙
dc
i = −pdci + PDi − kDi ωi, i ∈ ND (3e)
where θi is the phase angle at bus i with reference to
synchronous rotation coordinate, ωi is the frequency deviation
from the nominal frequency, Mi > 0 is the inertia constant of
the generator i, Di > 0 is the damping coefficient, Pi is the
power injection (> 0) or demand (< 0), pdci is the transmission
power of LCC-HVDC i which > 0 when the AC main system
is RE or < 0 when this system is SE, PDi is the nominal
value of pdci , T
D
i is the inertia time constant of LCC-HVDC i,
Bij = BijViVj is the effective susceptance of line (i, j), Vi is
the voltage amplitude at bus i which is assumed to be constant
due to its irrelevance with the frequency control, k
G
i > 0 is the
droop coefficient of the generator i, and kDi > 0 is the droop
coefficient of the LCC-HVDC i. Note that (3e) can represent
the droop control equations both for RE and SE since we have
defined the sign of pdci , thus k
D
i is the combination of k
re
droop
and ksedroop in (2).
Define the effective droop coefficient kGi = k
G
i + Di for
generator i, then (3b) can be represented as:
Miω˙i = Pi −
∑
j∈N
Bij sin(θi − θj)− kGi ωi, i ∈ NG (4)
When designing the optimal emergency frequency control
in Section IV, we ignore the dynamics of LCC-HVDC system
because this dynamics have no effect on the optimal steady
state. In this situation, let p˙dci = 0 and combining (3c) and
(3e), we have:
0 = Pi + P
D
i −
∑
j∈N
Bij sin(θi − θj)− kDi ωi, i ∈ ND (5)
IV. OPTIMAL DROOP DESIGN FOR POWER IMBALANCE
ALLOCATION
In this section, the power imbalance allocation problem is
formulated as the optimal emergency frequency control prob-
lem with various control objectives. Then, the optimal droop
coefficients for LCC-HVDCs and generators are selected and
the optimality is proved.
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A. Optimal Emergency Frequency Control Problem
In this MIDC system, there are various AC-DC faults which
could cause the power imbalance. The power imbalance can
be represented as
∑
i∈N Pi +
∑
i∈ND P
D
i 6= 0. The optimal
emergency frequency control (OEFC) problem is formulated
to reasonably allocate the power imbalance during the control
process. In this section, the various control cost functions are
defined according to various control objectives in engineering
practice. Then, the reasonable power imbalance allocation can
be achieved by minimizing the total control cost. Define the
power regulations by the droop control strategy as uGi =
−kGi ωi for generator i and uDi = −kDi ωi for LCC-HVDC
i. Then, we can derive the general method to formulate the
OEFC problem by selecting two different control objectives.
The dead zone has no effect on the system’s steady-state
solutions and thus we ignore it during the optimal design.
1) Control objective I: The LCC-HVDC with larger regu-
lation margin provides more power support. For generator i,
we define the cost function CGi (u
G
i ) in a classic form [22]:
CGi (u
G
i ) =
1
2
βi(u
G
i )
2 (6)
where βi is the cost coefficient for generator i. For LCC-
HVDC systems, due to the differences among the upper
bounds, lower bounds and nominal values of the transmission
power of LCC-HVDC systems, we define the power regulation
margin of LCC-HVDC i as:
ZDi =
{
P
D
i − PDi , when power increases
PDi − PDi , when power decreases
(7)
Then, to let the LCC-HVDC system with larger power reg-
ulation margin provide more power support for the power
imbalance of the whole system, we define the cost function of
LCC-HVDC i as:
CDi (u
D
i ) = αi(
uDi
ZDi
)2 =
αi
(ZDi )
2
(uDi )
2 (8)
where αi is the cost coefficient for LCC-HVDC i. Under
control objective I, the total control cost to minimize is:∑
i∈NG
1
2
βi(u
G
i )
2 +
∑
i∈ND
αi
(ZDi )
2
(uDi )
2 (9)
2) Control objective II: The adjacent AC systems have
equal frequency deviations during the emergency frequency
control. The generators also adopt the cost function as (6).
To have equal frequency deviations, the adjacent AC system
with larger primary frequency modulation coefficient should
provide more power support, i.e., its connected HVDC system
should provide more power support. Thus, we define the cost
function of LCC-HVDC i as:
CDi (u
D
i ) = ei(∆ω
′
i)
2 = ei(
uDi
Kfi
)2 =
ei
(Kfi )
2
(uDi )
2 (10)
where ∆ω
′
i = ω
′
i − ω
′
N is the frequency deviation of adjacent
AC system i, ei is the cost coefficient and K
f
i is the primary
frequency modulation coefficient of adjacent AC system i.
In engineering practice, there exist multiple HVDC systems
connected to the same adjacent AC system, and we can make
them equivalent to one HVDC system and then optimize the
control. The total control cost under objective II is:∑
i∈NG
1
2
βi(u
G
i )
2 +
∑
i∈ND
ei
(Kfi )
2
(uDi )
2 (11)
Note that (9) and (11) have the same form, thus the later
theoretical analysis takes control objective I as an example
and these two objectives will be discussed in the case study
in Section VI. Generally, the optimal design method in this
paper is applicable so long as the cost function of the HVDC
system can be described as the quadratic form of DC power
regulation in physical sense.
In summary, the general OEFC problem is as follows:
min
uDi ∈ΩDi ,uGi
∑
i∈NG
CGi (u
G
i ) +
∑
i∈ND
CDi (u
D
i )
=
∑
i∈NG
1
2
βi(u
G
i )
2 +
∑
i∈ND
αi(
ZDi
)2 (uDi )2 (12a)
s.t.
∑
i∈N
Pi +
∑
i∈ND
PDi +
∑
i∈NG
uGi +
∑
i∈ND
uDi = 0 (12b)
where the constraints is the DC power limitations and the
power balance of the whole system. We have the following
assumption.
Assumption 1. The OEFC problem (12) is feasible, and
the global optimal solution of uDi is located in its feasible
region ΩDi =
{
uDi
∣∣uDi ≤ uDi ≤ uDi }, where uDi and uDi are
the lower and upper bounds.
B. Optimal Droop Coefficients and Optimality Analysis
To select the droop coefficients, we have the following
theorem.
Theorem 1. If Assumption 1 holds, we have:
1) the optimal droop coefficients are:
kGi =
1
βi
, i ∈ NG (13a)
kDi =
(ZDi )
2
2αi
, i ∈ ND (13b)
which are the solutions of the OEFC problem (12).
2) with the optimal droop coefficients setting, the dynamic
of the whole system is equivalent to a partial primal-dual
distributed algorithm, which guarantees the optimality.
Proof. Firstly, from (12), we can derive the objective function
of the dual problem of OEFC problem, i.e., the Lagrangian
dual function [23]:
Φ(λ) = inf
uDi ∈ΩDi ,uGi
(∑
i∈NG
(
1
2
βi
(
uGi
)2
+ λuGi
)
+
∑
i∈ND
(
αi(
ZDi
)2 (uDi )2 + λPDi + λuDi
)
+
∑
i∈N
λPi
)
(14)
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where λ is the dual variable. Then, we can solve the infimum
problem explicitly, the results are as follows.
Φ(λ) =
∑
i∈ND
(
αi(
ZDi
)2 (uDi (λ))2 + λPDi + λuDi (λ)
)
+
∑
i∈NG
(
− 1
2βi
λ2
)
+
∑
i∈N
λPi (15a)
uGi =−
1
βi
λ (15b)
uDi (λ) =
[
− (Z
D
i )
2
2αi
λ
]
ΩDi
(15c)
From (15), the solution of the OEFC problem requires the
communication among the buses due to the common variable
λ. In this paper, to solve it in a distributed or decentralized
approach, we define the vector λ = {λi, i ∈ N}, where each
λi corresponds to the bus i. At the optimal solution, there is
λi = λj , (i, j) ∈ E . The dual problem of OEFC (DOEFC) is:
max
λ
Φ(λ) =
∑
i∈ND
(
αi(
ZDi
)2 (uDi (λi))2 + λiPDi + λiuDi (λi)
)
+
∑
i∈NG
(
− 1
2βi
λ2i
)
+
∑
i∈N
λiPi (16a)
s.t. λi =λj , (i, j) ∈ E (16b)
The Lagrangian function of the DOEFC problem is:
L(λ,ν) := Φ(λ) +
∑
(i,j)∈E
νij (λi − λj) (17)
where the vector ν = {νij , (i, j) ∈ E} is the Lagrangian
multiplier. Then, under Assumption 1, which fields uDi (λ) =
− (ZDi )22αi λ, we apply the partial primal-dual distributed algo-
rithm to solve the DOEFC problem, which take the form:
λ˙i = τi
∂L(λ,ν)
∂λi
= τi
− 1
βi
λi + Pi +
∑
j∈N
νij
 , i ∈ NG
(18a)
0 =
∂L(λ,ν)
∂λi
= PDi + u
D
i (λi) + Pi +
∑
j∈N
νij , i ∈ ND
(18b)
0 =
∂L(λ,ν)
∂λi
= Pi +
∑
j∈N
νij , i ∈ NP (18c)
v˙ij = −γij ∂L(λ,ν)
∂νij
= −γij (λi − λj) , (i, j) ∈ E (18d)
where τi > 0, γij > 0 are the stepsizes. If we identify λi
with ωi and νij with Pij , set the stepsizes τi = 1Mi , γij =
Bij cos(θi − θj), integrate (18d) and obtain:
Pij = −Bij sin(θi − θj) (19)
Then, (18a)-(18d) are identical to the closed-loop system
dynamic (3a), (3b), (3d) and (5), which means that the system
will reach the optimization in a distributed algorithm approach
and ensures the optimality.
V. STABILITY ANALYSIS
In this section, we analyze the stability of the closed-loop
system with the designed coordinated-droop-based emergency
frequency control strategy by the Lyapunov approach. We
rewrite the closed-loop system state equations as (20).
θ˙i = ωi, i ∈ NG ∪ND (20a)
Miω˙i = Pi −
∑
j∈N
Bij sin(θij)− kGi ωi, i ∈ NG (20b)
0 = Pi + p
dc
i −
∑
j∈N
Bij sin(θij), i ∈ ND (20c)
0 = Pi −
∑
j∈N
Bij sin(θij), i ∈ NP (20d)
TDi p˙
dc
i = −pdci + PDi − kDi ωi, i ∈ ND (20e)
kGi =
1
βi
, i ∈ NG (20f)
kDi =
(ZDi )
2
2αi
, i ∈ ND (20g)
where θij = θi− θj is the phase angle difference between the
connected nodes i and j.
Then, we denote the column vectors θG = {θi, i ∈ NG},
θD = {θi, i ∈ ND}, θP = {θi, i ∈ NP }, ωG = {ωi, i ∈
NG}, ωD = {ωi, i ∈ ND}, pdc = {pdci , i ∈ ND} and θ =
(θTG, θ
T
D, θ
T
P )
T , ω = (ωTG, ω
T
D)
T .
We have the following assumption.
Assumption 2. Due to the dead zone setting, the initial
post-fault state is different from the state that the LCC-HVDC
droop control starts working. We ignore the effect of dead zone
and discuss it in case study. We suppose that the adjacent AC
systems are stable and their stabilities are not discussed.
Assumption 3. The equilibrium point (θ∗, ω∗G, pdc∗) of the
closed-loop system (20) satisfies:
θ∗ ∈ Θ =
{
θ ∈ Rn
∣∣∣|θi − θj | < pi
2
,∀(i, j) ∈ E
}
(21)
In practice, Assumption 3 is usually considered as a secu-
rity constraint for power flow solutions. Then, we have the
following theorem for the stability of the system (20).
Theorem 2. If Assumption 2-3 hold, for the closed-loop
system (20), the following statements hold:
1) there exists an equilibrium point (θ∗, ω∗G, p
dc∗) ∈ Ψ =
Rn × RnG × RnD .
2) there exist a domain Ψs ⊂ Ψ such that for any initial
state (θ0, ω0G, p
dc0) ∈ Ψs that satisfies the DAEs (20),
the state trajectory converges to the unique equilibrium
state (θ∗, ω∗G, p
dc∗) ∈ Ψ.
Proof. 1) When the system is at the equilibrium state, we
have ω˙i = 0, i ∈ NG, p˙dci = 0, i ∈ ND and ω∗i = ω∗j =
ωsyn,∀i, j ∈ N . Then, sum (20b)-(20d) and we have the
following equations at the equilibrium point:∑
i∈N
Pi +
∑
i∈ND
pdc∗i −
∑
i∈NG
kGi ω
∗
i = 0 (22a)
pdc∗i = P
D
i − kDi ω∗i , i ∈ ND (22b)
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which yields:
ω∗i = ωsyn =
∑
i∈N
Pi +
∑
i∈ND
PDi∑
i∈NG
kGi +
∑
i∈ND
kDi
(23)
Note that when there exists power imbalance in the hybrid
AC-DC system,
∑
i∈N Pi +
∑
i∈ND P
D
i 6= 0, which yields
ω∗i 6= 0, i ∈ NG ∪ ND, thus θ∗i is time variant and the
equilibrium (θ∗, ω∗, pdc∗) may not be unique. Nevertheless,
the differences θ∗i −θ∗j , (i, j) ∈ E , i.e., the relative phase angles
are constant. It follows from [24] and [25] that there exists at
most one power flow solution which satisfies θ ∈ Θ in the
lossless system (20), thus the equilibrium is unique under the
definition of relative phase angle.
2) Before the stability analysis of the equilibrium, we first
prove the regularity of algebraic equations (20d), which also
ensures the existence and of the solution of (20). We define
the following function with respect to θ:
Fc(θ) =
∑
(i,j)∈E
Bij (1− cos (θi − θj)) (24)
The Hessian matrix Hc(θ) of Fc(θ) is:
B¯11(θ) −B12 cos (θ12) · · · −B1n cos (θ1n)
−B21 cos (θ21) B¯22(θ) · · · −B2n cos (θ2n)
...
...
. . .
...
−Bn1 cos (θn1) −Bn2 cos (θn2) · · · B¯nn(θ)

(25)
where B¯ii(θ) =
∑
j∈N Bij cos (θij) and θij = θi − θj .
The Hc(θ) is the Laplacian matrix of the graph G with line
weights Bij cos(θi − θj), and the line weights are positive
Under the Assumption 3. Thus, Hc(θ) is positive definite and
its principle minors are all nonsingular [26]. Notice that the
Jacobian matrix of (20d) is the principle minor of Hc(θ) and
thus nonsingular. Therefore, the algebraic equations (20d) are
regular.
Then, we prove the asymptotic stability of the equilibrium
(θ∗, ω∗, pdc∗) by the Lyapunov approach.
Consider the following Lyapunov function candidate:
V (θ, ωG, p
dc) = V1 + V2 (26)
V1 (θ, ωG) = Fc(θ)− Fc (θ∗)−∇Tθ Fc (θ∗) (θ − θ∗)
+
1
2
(ωG − ω∗G)T MG (ωG − ω∗G)
V2
(
pdc
)
=
∑
i∈ND
(
1
2
diT
D
i
(
pdci − pdc∗i
)2)
where MG = diag(Mi), i ∈ NG, and di > 0 are constant.
Taking time derivative of V1, we have:
V˙1 =
(∇Tθ Fc(θ)−∇Tθ Fc (θ∗)) θ˙ + (ωG − ω∗G)T MGω˙G
(27)
where
∇θFc(θ)−∇θFc (θ∗)
=

col
i∈NG
( ∑
j∈N
Bij sin (θij)−
∑
j∈N
Bij sin
(
θ∗ij
))
col
i∈ND
( ∑
j∈N
Bij sin (θij)−
∑
j∈N
Bij sin
(
θ∗ij
))
col
i∈NP
( ∑
j∈N
Bij sin (θij)−
∑
j∈N
Bij sin
(
θ∗ij
))

=

col
i∈NG
(−kGi (ωi − ω∗i )−Miω˙i)
col
i∈ND
(
pdci − pdc∗i
)
col
i∈NP
(0)
 (28)
Substitute (28) into (27) and we get:
V˙1 =
∑
i∈NG
(−kGi (ω2i − ω∗i ωi))+ ∑
i∈ND
((
pdci − pdc∗i
)
ωi
)
−
∑
i∈NG
(Miω
∗
i ω˙i) (29)
Due to ω∗i = ω
∗
j = ωsyn, the third term of (29) can be
represented as:∑
i∈NG
(Miω
∗
i ω˙i) = ω
∗
i
∑
i∈NG
(Miω˙i)
= ω∗i
(∑
i∈N
Pi +
∑
i∈ND
pdci −
∑
i∈NG
kGi ωi
)
=
∑
i∈NG
(
kGi
(
(ω∗i )
2 − ωiω∗i
))
+
∑
i∈ND
(
ω∗i (p
dc
i − pdc∗i )
)
(30)
Substitute (30) into (29), we have:
V˙1 =−
∑
i∈NG
(
kGi (ωi − ω∗i )2
)
+
∑
i∈ND
((
pdci − pdc∗i
)
(ωi − ω∗i )
)
(31)
Consider V2
(
pdc
)
, we have:
V˙2 =
∑
i∈ND
(
diT
D
i
(
pdci − pdc∗i
)
p˙dci
)
=
∑
i∈ND
(
di
(
pdci − pdc∗i
) (−pdci + pdc∗i + kDi ω∗i − kDi ωi))
=
∑
i∈ND
(
−di
(
pdci − pdc∗i
)2 − dikDi (pdci − pdc∗i ) (ωi − ω∗i ))
Hence, we can derive:
V˙ =−
∑
i∈NG
(
kGi (ωi − ω∗i )2
)
−
∑
i∈ND
(
di
(
pdci − pdc∗i
)2)
+ (1− dikDi )
∑
i∈ND
((
pdci − pdc∗i
)
(ωi − ω∗i )
)
(32)
Therefore, by selecting di = 1/kDi > 0, i ∈ ND, we obtain
V˙ ≤ 0, and V˙ = 0 only at the equilibrium.
Then, we prove that the Lyapunov function candidate
V (θ, ωG, p
dc) ≥ 0 and the equilibrium z∗ = (θ∗, ω∗, pdc∗)
is a strict minimum point of V . It can be easily verified that
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V |z∗ = 0. For ∇V |z∗ , we have:
∇V |z∗ = col(∇θV,∇ωGV,∇pdcV )|z∗
∇θV = ∇θFc(θ)−∇θFc (θ∗)
∇ωGV = MG (ωG − ω∗G)
∇pdcV = dDTD(pdc − pdc∗) (33)
We can obtain that ∇V |z∗ = 0 ∈ Rn+nG+nD . Then, for ∇2V ,
we have:
∇2V = diag(Hc, HG, HD) (34)
where ∇2V is a block diagonal matrix, Hc is positive definite
according to (25). HG and HD are respectively the Hessian
matrices of 12 (ωG − ω∗G)T MG (ωG − ω∗G) and V2, which are
both positive functions, thus HG and HD are also positive
definite. Therefore, we have ∇2V  0 and equilibrium z∗ is
a strict minimum point of V .
Moreover, it’s obvious to see that the invariant set{
(θ, ωG, p
dc)
∣∣V˙ (θ, ωG, pdc) = 0} contains only the equilib-
rium point. In summary, the Lyapunov function candidate
V (θ, ωG, p
dc) satisfies the stability criterion [27], which com-
pletes the proof.
Remark 3. According to the stability analysis, the equilibrium
point is asymptotically stable so long as the droop coefficients
kDi > 0, i ∈ ND, which is a sufficient condition. The size of
the attraction domain is not discussed in this paper, which we
will focus on in the future work.
VI. CASE STUDY
In this section, the effectiveness of the proposed
coordinated-droop-based emergency frequency control, the
optimality of the selected droop coefficients and the system
stability are illustrated by a case study on the CloudPSS
platform [28], [29].
A. Test System Description
The topology of the MIDC test system is shown in Fig.
5, which is a modified IEEE New England system combin-
ing the CIGRE HVDC benchmark systems [30]. The full
electromagnetic transient (EMT) model of the test system is
built on the CloudPSS platform [31]. The main AC system
is connected with four ±660kV monopolar 12-pulse CIGRE
LCC-HVDC systems, in which the rectifier adopts constant
power control while the inverter adopts constant γ control.
The power transmission directions are shown in Fig. 5, i.e.,
the LCC1, LCC2 and LCC3 are SE-LCC systems while LCC4
is RE-LCC system for the AC main system. The adjacent AC
systems adopt the equivalent centre of inertia (COI) model.
The LCC-HVDC systems are implemented with the designed
P-f droop control, while the seven generators (equivalent from
generator units) are implemented with primary droop control.
Set the active power base-value as PB = 100MW , and set
the cost coefficients of generators β1 = β5 = β6 = 0.1p.u.
and β2 = β3 = β4 = β7 = 0.2p.u.. For LCC-HVDC systems,
G4
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Fig. 5. Topology of the MIDC test system
TABLE I
RELATED PARAMETERS OF LCC-HVDC SYSTEMS
No. PDi P
D
i , P
D
i αi K
f
i ei
LCC1 645 MW 750,550 MW 0.05 p.u. 25 p.u. 30 p.u.
LCC2 630 MW 750,550 MW 0.05 p.u. 30 p.u. 30 p.u.
LCC3 660 MW 750,550 MW 0.05 p.u. 20 p.u. 30 p.u.
LCC4 500 MW 600,400 MW 0.05 p.u. 25 p.u. 30 p.u.
the related parameters under control objective I and II are
shown in Table I.
The optimal droop coefficients are obtained by (13a) and
(13b), and under Control Objective II, the optimal droop
coefficients for LCC-HVDCs are:
kDi =
(Kfi )
2
2ei
, i ∈ ND (35)
Then we define the average droop coefficients, i.e., the aver-
age value of optimal droop coefficients, and respectively set
them for LCC-HVDC systems and generators as the contrast
group. For the generators, the optimal droop coefficients are:
kG1 = k
G
5 = k
G
6 = 10p.u., k
G
2 = k
G
3 = k
G
4 = k
G
7 = 5p.u.,
and the average ones are all 7.14p.u.. For the LCC-HVDC
systems, the optimal and average droop coefficients under
Control Objective I and II are shown in Table II.
TABLE II
OPTIMAL DROOP COEFFICIENTS OF LCC-HVDC SYSTEMS
Objective I Objective II
No. Opt. droop Ave. droop Opt. droop Ave. droop
LCC1 11.03 p.u. 10.88 p.u. 10.42 p.u. 10.63 p.u.
LCC2 14.40 p.u. 10.88 p.u. 15.00 p.u. 10.63 p.u.
LCC3 8.10 p.u. 10.88 p.u. 6.67 p.u. 10.63 p.u.
LCC4 10.00 p.u. 10.88 p.u. 10.42 p.u. 10.63 p.u.
We set generator G6 trip at the time of 8s, which causes
530MW power imbalance (approximate 10% of the system
capacity) and can be considered as emergency situation. Based
on the above settings, we carry on the following simulations
and analyses
B. Effectiveness of Coordinated-Droop-Based Emergency fre-
quency Control
To verify the effectiveness of the proposed control strategy,
we set the following three subcases: (1) generators have droop
control with optimal coefficients while LCC-HVDCs have no
droop control. (2) all generators and LCC-HVDCs have droop
control with optimal coefficients under Control Objective I. (3)
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on the basis of (2), the LCC-HVDC droop have dead zone with
49.8Hz limit. Then, the frequencies of AC main system and
the active powers of LCC-HVDCs and generators are shown
in Fig. 6 and Fig. 7 respectively.
Fig. 6. Frequencies of AC main system
(a) (b)
(c) (d)
(e) (f)
Fig. 7. Active powers of LCC-HVDCs and generators. (a)(b) LCC-HVDCs
have no droop control. (c)(d) LCC-HVDCs have droop control. (e)(f) LCC-
HVDCs have droop control and dead zone setting.
In Fig. 6, when LCC-HVDC systems have no droop con-
trol, the AC main system frequency reduces to approximate
49.25Hz at about 30s. In engineering practice, this low fre-
quency has already caused severe instability. When the LCC-
HVDCs and generators are all equipped with droop control,
the system frequency stabilizes at approximate 49.85Hz at
about 15s. Compared with subcase (1), subcase (2) has shorter
transient time and the steady-state frequency of subcase (2) is
closer to nominal frequency. Thus, the proposed coordinated-
droop-based emergency frequency control strategy is effective.
Further, we add the dead zone to LCC-HVDC droop control
in subcase (3), and we find that the dead zone setting has no
effect on the steady-state frequency, and has tiny influence
on the transient frequency process which can be ignored.
Therefore, it is reasonable to ignore the dead zone setting
in the optimal control design and stability analysis process.
As shown in Fig. 7, in subcase (1), the emergency frequency
regulation can only rely on the generators’ primary droop, but
the power adjustment speed of generators is relatively slow. In
subcase (2) and (3), the fast transmission power adjustability of
LCC-HVDC systems is utilized to provide considerable power
support to the AC main system and relieve the frequency
modulation pressure of the generators, which can also verifies
the effectiveness of proposed coordinated control strategy. By
comparing Fig. 7(c)(d) and Fig. 7(e)(f), we can also show that
the dead zone has little effect on the control performance.
Moreover, we output the DC variables curves of LCC-
HVDC 3 in subcase (2) as shown in Fig. 8. With the increase
of the transmission active power, the DC current also increases
while the DC voltage decreases slightly, and the α angle
decreases during the transient process. These change trends
are consistent with the theoretical analysis in section II.A and
verify the correctness of designed P-f droop characteristic.
2
Fig. 8. DC variables of LCC-HVDC3
C. Optimality of Droop Coefficients
To reasonably allocate the power imbalance among LCC-
HVDC systems and generators during control process, the
optimality of the selected droop coefficients is verified. Four
groups of simulations are carried out, which adopt the optimal
droop coefficients (Opt. droop) and average droop coefficients
(Ave. droop) under Control objective I and II respectively.
The system frequencies all stabilize at above 49.8Hz with
these four groups of coefficients (not shown here), which
guarantees the frequency stability of the MIDC system. Then,
we output the active powers of LCC-HVDCs and calculate the
total control costs, as shown in Fig. 9.
As for Control Objective I, comparing Fig. 9(a) and 9(b),
the steady-state powers of LCC 1-3 almost reach the same
level with the optimal droop, while the power variations of
JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. XX, XX XXXX 10
(a) (d)
(b) (e)
(c) (f)
Power Upper Bound for LCC 1-3
Power Upper Bound for LCC 1-3
K1
f 
= 25 p.u.
K2
f = 30 p.u.
K3
f = 20 p.u.
K4
f = 25 p.u.
K1
f = 25 p.u.
K2
f = 30 p.u.
K3
f = 20 p.u.
K4
f 
= 25 p.u.
Fig. 9. Active powers of LCC-HVDCs and control costs. (a)(b)(c) under
control objective I. (d)(e)(f) under control objective II.
the LCC-HVDCs are almost equal with average droop. Thus,
due to the same upper bound setting for LCC 1-3, the optimal
droop achieves the Control Objective I, i.e., the LCC-HVDC
with larger regulation margin provides more power support.
By Fig. 9(c), system has less total control cost with optimal
droop, which verifies the optimality of optimal coefficients
under Control Objective I.
As for Control Objective II, in Fig. 9(e), the LCC-HVDCs
almost provide the equal power support to the AC main system
However, in Fig. 9(d), the LCC-HVDC connected to larger-
primary-frequency-regulation-coefficient adjacent system pro-
vides more power support, which meets the Control Objective
II. In Fig. 9(f), the control costs remain zero before the fault
occurs, and the post-fault control cost with optimal droop
coefficients is smaller than that with average droop, which
also shows the optimality.
D. Discussion on System Stability
In Section V, we obtain the sufficient condition for the
asymptotic stability of the closed-loop equilibrium, i.e., kDi >
0, i ∈ ND. To further discuss the system stability, five groups
of droop coefficients between 1 p.u. to 100 p.u. are selected
and set to all LCC-HVDC systems. The AC main system
frequencies are shown in Fig. 10.
As shown in Fig. 10, with different droop coefficients
between 1 p.u. to 100 p.u., the system equilibrium can remain
stable according to the frequencies. As the droop coefficients
increase, the system frequency can be stabilized at a higher
level and the transient response time is shorter. Nevertheless,
the attractive domain of the equilibrium is not derived in this
Fig. 10. Frequency of AC main system with different droop coefficients
paper, which is related to the amount of power imbalance, and
the system could be frequency instable if there are severer
emergency faults occurring.
VII. CONCLUSION
In this paper, a decentralized coordinated-droop-based emer-
gency frequency control strategy is proposed to deal with
the emergency frequency instability in MIDC systems. The
introduced P-f droop characteristic of LCC-HVDC system
enables this control strategy. With the designed coordinated
droop mechanism and the dead zone setting, the LCC-HVDC
droop controllers work only in case of emergency situations.
Benefit from the decentralized control approach, the proposed
control strategy is free from controllers’ communication and
can respond quickly. Then, in order to reasonably allocate
the power imbalance among LCC-HVDCs and generators,
the optimal droop coefficients are determined by formulating
the OEFC problem, which is applicable to various control
objectives. Moreover, the locally asymptotic stability of the
closed-loop equilibrium is proved by the Lyapunov approach.
In the case study on the CloudPSS platform, the effectiveness
of the proposed control strategy and the optimality of the
selected optimal droop coefficients are verified, and the system
stability is illustrated.
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